
PHYSICAL REVIEW E, VOLUME 63, 031301
Grain dynamics in a two-dimensional granular flow

S. Ho”rlück and P. Dimon
The Center for Chaos and Turbulence Studies, The Niels Bohr Institute, Blegdamsvej 17, DK-2100 Copenhagen O” , Denmark

~Received 26 July 2000; published 14 February 2001!

We have used particle tracking methods to study the dynamics of individual balls comprising a granular flow
in a small-angle two-dimensional funnel. We statistically analyze many ball trajectories to examine the mecha-
nisms of shock propagation. In particular, we study the creation of, and interactions between, shock waves. We
also investigate the role of granular temperature and draw parallels to traffic flow dynamics.
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I. INTRODUCTION

Density waves are known to propagate in a variety
granular flow systems. For example, flows in funnels or h
pers can have slowly propagating density waves that m
move up or down depending on sand properties and ge
etry @1#. They also occur in long pipes@2# and closed hour-
glasses@3# as a result of the interaction with the interstiti
fluid. In particular, they have been observed in a flow
monodisperse balls in both small-angle@4,5# and wide-angle
@6# two-dimensional funnels. In the former, one in fact o
serves kinematic shock waves that propagate upstream.

The kinematic shock waves in a small-angle tw
dimensional funnel have a complex phenomenology of th
own and have been studied extensively in a previous w
@5# ~hereafter referred to as HD!. It was established that th
flow can be divided into three different types depending
the funnel half-angleb, each having a different characterist
shock speedU:

~i! Pipe flow (b,0.1°): the shocks can be stationary
very slow (U,10 cm/s) but always stop before reachi
the inlet to the funnel.

~ii ! Intermittent flow (0.1°,b,0.5°): strong shocks
propagate the full length of the funnel with 50,U
,150 cm/s.

~iii ! Dense flow (b.0.5°): the flow is densely packe
and the shocks are weak but fast (100,U,300 cm/s). For
b.2.0°, shocks can no longer be observed by eye.

In general, it was found that both the average local sh
speedU(x) and shock frequencyn(x) increased with the
distance from the funnel outletx. It also appeared tha
U(x);w(x)/D, wherew(x) is the local funnel width andD
is the funnel outlet width. Moreover, it was established t
the shocks are mainly created at specific positions as a
sequence of the monodispersity. Finally, different types
interactions between shocks were also observed.

In the present paper we simultaneously track all balls
the field of view of a camera to study the flow on smal
length and time scales. This enables us to observe sh
creation and interaction more closely. We can then comp
the granular temperature and also traffic flow curves. T
paper is structured as follows. In Sec. II we describe
experimental setup and the particle tracking method. In S
III we study the properties of individual ball trajectories.
Sec. IV we reduce the ball flow to various one-dimensio
fields. In Sec. V we discuss how shock waves are created
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in Sec. VI we describe their interactions. In Sec. VII w
discuss the role of granular temperature in the flow. In S
VIII we present the time-averaged flow properties. In Sec.
we compare the ball flow with traffic flow. Finally, we sum
marize our results in Sec. X.

II. DATA ACQUISITION

A. Experimental setup

The experimental setup is described in detail in HD a
will only be briefly reviewed here. A top view is shown i
Fig. 1~a!. The granular matter consists of 50 000 3.18-m
diameter brass balls. They roll in one layer between 3.45-
high aluminum walls~A! on a coated Lexan plane (B). The
aluminum walls have 200-cm long straight sections, wh
then open smoothly at the top forming a reservoir area (C).
The straight sections can be moved to vary the outlet wi
D and the half-angleb of the funnel @see Fig. 1~b!#. The
Lexan plane is tilted an angleu so the balls flow through the
funnel into a collection container (E). Another plate~not
shown! was placed on top of the aluminum walls to keep t
flow in a single layer. Unless stated otherwise, the ou
width and inclination angle were kept fixed atD510 mm
andu54.1°, respectively. The funnel half-angle was vari
in the rangeb50°23°.

Elements of the data acquisition system are also show
Fig. 1~a!. A light box ~F! was placed below the lower 12
cm of the funnel and a video camera~G! was placed above it
Its analog output signal~H! was sent to a frame grabber in
PC ~not shown!. The camera was mounted on a stiff bar~I!
and could be moved along its length. The bar was suppo
by a stabilized stand (J).

FIG. 1. ~a! Schematic of the experiment.~b! Parameters of the
funnel geometry.
©2001 The American Physical Society01-1
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B. Video system

The video camera is a Pulnix TM-6701AN, 8-bit gra
tone, noninterlaced, analog charge-coupled device came
is capable of filming in four modes of which we used tw
6403200 pixels at 130 frames/second~fr/s! and 6403100
pixels at 221 fr/s. The camera shutter may be adjusted f
no shutter to 1/32 000 s. Shutter speeds of 0.5–1 ms
mostly used due to the available light intensity. The ana
signal from the camera is not a standard video signal but
a pixel rate of 25.5 MHz. This signal is transmitted to
Matrix Vision PCimage SGVS frame grabber card. Th
PCI-bus PC-card has almost no internal memory and da
transmitted by direct memory access to the main memor
the host computer. Up to 32 Mbytes may be grabbed
measurement. Thus, forb,0.1°, up to 2000 consecutiv
frames may be grabbed. For the largest angles only;400
consecutive frames can be stored. Consequently, reco
sequences typically span 2–9 s, corresponding to 1
shocks depending onb andx.

The camera is equipped with a 16-mm C-mount lens w
a field of view of;20°. The camera is oriented such that t
640 pixel direction is parallel with the center line of th
funnel. Theview lengthis used to denote the length of th
funnel visible in these 640 pixels. The lens was set a
height of 106 cm giving a 36.9-cm view length. The came
was placed so as to cover one of the following ranges:x5
20.2–36.7 cm,x536.8–73.7 cm, orx573.8–110.7 cm.

The aluminum walls are painted black and extended w
black plates to ensure that the only nonblack part of
camera’s field of view is the funnel lighted from below. Th
balls therefore appear as black ‘‘dots’’ in a white funnel
shown in the frame sequence in Fig. 2.

C. Ball tracking method

At 221 fr/s, a ball speed of 1 ball diameter per fram
corresponds to a velocity of;70 cm/s. Dense flows must b
slower to be tracked. In low-density flows, tracking is po
sible at significantly higher speeds due to the larger b

FIG. 2. Sequence of video frames showing a propagating sh
(b50.15°, D510 mm, u54.1°). Only every fourth frame is
shown.
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separations.~Computer based particle tracking is the on
feasible method for data sets containing up to a million b
images.!

Previously, several experiments with fast, low-dens
flows have been recorded on high-speed film (;1400 fr/s),
with ball positions then obtained by eye@7#. This method is
useful for following relatively small groups of particles ove
relatively short periods of time. Warret al. @8# have used
expensive digital high-speed video equipment to follow
few ~27–90! fast particles. Particle positions are subs
quently determined by computer using the Hough trans
mation ~an edge detection method@9#! for determining ball
perimeters. This method requires many pixels (*150) for
each ball. By comparison, we use;30 pixels/ball.

We now sketch the algorithm used in the present exp
ment. ~The full details are described in Appendixes A a
B.! Each frame is subtracted from the image of the em
funnel. Thus, the balls stand out as a white patch on a b
background. A threshold is then determined based on lo
gray scale distributions and everything above the thresho
then defined as part of a ball. Each ball center position
height ~i.e., gray scale intensity! is estimated, and a numbe
of pixels are assigned to the ball image~typically 20–35!.
These data are used as input to a fitting routine. The p
values @with coordinates (x,y)# are fitted to a two-
dimensional peak function and the center of the fitted p
position determines the ball center@xc

j (tk),yc
j (tk)# for the j th

ball in thekth frame. The final result is illustrated in Fig. 3
Each frame has now been converted into a table of

positions. Based on the correlations between the first
frames and their densities, an initial guess is made of
one-dimensional coarse-grainedvelocity fieldv(x,t1) of the
first frame. Thej th ball in the first frame is now assigned
velocity @vx

j (t1),vy
j (t1)#5(v@xc

j (t1),t1#,0). In the interest of
clarity, we will henceforth drop the indicesj andk. Based on
these velocities, predictions of the possible positions in
next frame are determined and compared with the actual
positions. Positions are matched ‘‘one-to-one’’ making t
best matches first. Balls in the old frame that cannot
matched acceptably are defined as lost. Matching is first
tempted at the position predicted for constant@vx(t),vy(t)#,
then at the old position@vx(t),vy(t)#5(0,0), and finally at a
midway point. Unmatched new balls are assign
@vx(t),vy(t)#5@v(x,t),0# at their respective positions.@In
each framev(x,t) is recomputed from averages of tho
balls that have known velocities.# By repeated application o
this method, the full trajectory of each ball can be found.

The error of (xc ,yc) is &0.15 mm, but in a few bad
cases it may be as much as;0.5 mm. Less than 0.05% o
the balls are normally lost in each frame. Most balls can
followed from the time they enter the view length of th
camera until they leave it. Bad matches are very rare.~They
only seem to happen in groups and are easily recognize!

The final determination of the velocity@vx(t),vy(t)# and
acceleration@ax(t),ay(t)# of each ball is based on a leas
squares fit of the positions to a parabola using a numbe
consecutive points. This number represents a tradeoff
tween precision and time resolution. For velocities, 5 poi

ck
1-2
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GRAIN DYNAMICS IN A TWO-DIMENSIONAL GRANULAR FLOW PHYSICAL REVIEW E 63 031301
are generally used, resulting in a time resolution of;23 ms.
For accelerations, 5 or 7 points are used depending on
application. The latter corresponds to a time resolution
;32 ms.

III. FLOW IN LAGRANGIAN COORDINATES

A. Single ball trajectories

Since each measurement typically involves 0.3–1.0 m
lion balls, it is possible to measure high-resolution distrib
tions of the ball center positions@xc(t),yc(t)# ~averaged
over all frames!. Some examples are shown in Fig. 4. F
intermittent flow @Fig. 4~a!# we observe weak periodic pa
terns across the funnel. For dense flows@Figs. 4~b! and 4~c!#,
these patterns are much more pronounced.~No such patterns
are observed for pipe flow.!

As discussed in HD, the monodispersity of the balls
lows triangular close packing at packing sitesx5x i given by

x i5
2r 1A3r ~ i 21!2D

2 tanb
, ~1!

where i is an integer andr is the ball radius. This predict
that such packing sites should recur at intervals
A3r /2 tanb and A3r in the funnel axis and transvers

FIG. 3. Comparison of~a! video frames and~b! corresponding
artificial frames using ball tracking (b50.3°, D510 mm, andu
54.1°). In ~b! each ball is identified by a shade of gray.
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directions, respectively. This is what is indeed observed
can be seen in Figs. 4~b! and 4~c! to within ;3%. Immedi-
ately downstream of a packing site the lattice must rearra
itself. It appears that this occurs over a relatively short d
tance. For example, in Fig. 4~b!, wherex7556 cm andx8
572 cm, the rearrangement occurs atx570 cm. As one
might intuitively suspect, shock waves are more readily p
duced where collisions are most likely. We believe this is
reason for the nearly exclusive creation of shock waves at
packing sitesx i as discussed in HD.

Figure 5~a! shows four representative examples of ind

FIG. 4. Histograms of measured ball center positions.~a! b
50.1°. One only observes weak structures.~b! b50.5°. There are
now 4–10 triangular packing rows.~c! b51.5°. There are 4–17
triangular packing rows.@The vertical white stripes separate ind
pendent data sets. The weak horizontal stripes in~a! and~b! with a
separation of;0.6 mm are caused by interference with came
pixel rows. See Appendix B.#
1-3
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S. HO”RLÜCK AND P. DIMON PHYSICAL REVIEW E63 031301
vidual ball trajectories obtained using the method descri
in Sec. II C. Figures 5~b! and 5~c! showvx(t) for the same
four balls. Note that since the balls almost always mo
downstream, we always plot2vx(t) for convenience. It is
apparent from these figures that an individual ball exp
ences long periods of constant~negative! acceleration inter-
rupted by abrupt drops in speed touvxu;1 –5 cm/s forb
.0.2° and;5 –15 cm/s forb,0.1°. These drops occu
when the ball encounters a shock. This qualitative beha
is even more apparent in the accelerationax(t). In Fig. 6 we
show the velocityvx(t) ~a! and accelerationax(t) ~b! for
another trajectory.

FIG. 5. ~a! The trajectories of four balls for different funne
angles. Thexc(t) coordinate is plotted for each ball.~b! The veloc-
ity vx(t) of the two lower trajectories in~a! ~small funnel angles!.
~c! The velocity vx(t) of the two upper trajectories in~a! ~large
funnel angles!.
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B. Collisions and the coefficient of restitution

By observing collisions between two balls, we can me
sure~with limited resolution! the coefficient of restitution«
of a ball, defined as the ratio of the relative velocities befo
and after a collision. This can only be done for flows wi
low densities and no shock waves in the field of view so t
individual collisions can be identified. In two data sets atb
50° that adhere to these requirements, we have measu
total of 192 collisions and found that«50.7860.02. The
average relative velocity before these collisions wasv rel
5763 cm/s, compared with the actual ball speeduvxu
511266 cm/s. Assuming that the balls roll without slip
ping, the tangential velocity difference immediately prece
ing each collision should be twice the ball speed and the
fore much higher thanv rel . The measured value of« using
this method agrees with the value«*0.74 found by dropping
a ball on a hardened steel block.

From measurements of fast rolling collisions (vx
;40–80 cm/s) with a steel barrier, we estimate«
;0.5–0.6. The additional energy loss here may come fr
the rolling ball sliding on the contact surfaces at the mom
of collision. This may be related to the situation where a f
ball encounters the slowly moving packed region of a sho
wave.

C. Shock profiles

We showed in Figs. 5~b!, 5~c!, and 6~a! the velocityvx(t)
of single ball trajectories. Their apparent sawtooth behav
is, in fact, a general feature observed in many trajector
From this simple structure we can obtain some interes
information concerning the dissipation of the flow betwe
shock waves.

First, we determine the intershock accelerationais , i.e.,
the acceleration between shock waves. Using the acce
tion ax(t) shown in Fig. 6~b! and employing a threshold
criterion, we can identify shock waves and the timets when

FIG. 6. Movement of a single ball atb50.8° betweenx
573 cm andx537 cm showing the~a! velocity vx(t) and ~b!
accelerationax(t). The peaks in~b! indicate that the ball has en
countered and is nearly stopped by a shock. The dashed line m
zero acceleration.
1-4
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GRAIN DYNAMICS IN A TWO-DIMENSIONAL GRANULAR FLOW PHYSICAL REVIEW E 63 031301
a given ball encounters a shock wave. Linear fits yield ty
cal values ofais5240610 cm/s2. This value should be
compared with the expected effective gravitational accele
tion ~for spheres rolling without slipping! gr5

5
7 g sinu5

250 cm/s2 for u54.1°. It is not surprising thatuaisu,ugr u
since energy is probably lost in collisions and friction pr
cesses.

Better statistics can be obtained by averaging over m
trajectories of balls encountering thesameshock wave. By
using a film sequence such as that in Fig. 2, we choose a
interval such that only one shock is visible in the vie
length. Single ball trajectories with values ofts within that
interval are then selected~typically a few hundred!. If we
now average the trajectories for all these balls by settints

50 for each ball, we obtain average profiles such as th
shown in Figs. 7~a! and 7~b! for intermittent and dense flow
respectively. These preserve the sawtooth structure discu
earlier, reinforcing our picture of the behavior of single ba
passing through shock waves. In particular, the intersh
acceleration calculated for points outside the shock reg
for u54.1° isais523863 cm/s2. It was found to be inde-
pendent of both velocity~i.e., the same just preceding o
following a shock wave! and b when b.0.1° ~i.e., for in-
termittent and dense flows; there are exceptions in pipe fl
when uvxu*80 cm/s). It was also checked thatais was the
same in different regions of the funnel, and hence indep
dent ofx as it should be.

We have also checked the dependence ofais on u. The
velocity profiles for three different values ofu are shown in
Fig. 7~c!. Ignoring for now differences in the velocity jump
across the shock, one sees thatais increases withu. For u
53.0°, we findais52276 3 cm/s2 and foru55.0°, ais
524563 cm/s2. ~These values were also independent
velocity andb.! It appears therefore thatais /gr;0.75 in all
three cases, implying thatais can be regarded as an effectiv
gravitational acceleration.

Experiments involving only a single ball foru54.1°
yielded a measured valuegr524565 cm/s2. The reason
for the difference between this and the theoretical valuegr
5250 cm/s2 is partially due to a local deviation ofu of
;0.2°20.3° from a small bending of the plane, and possi
also to nonideal rolling. Consequently, we believe that
difference inais and the measured value ofgr is significant,
i.e., due to the interaction between balls in intermittent a
dense flows.

Just before and after a shock, a ball reaches its maxim
and minimum velocityvmax andvmin , respectively~see, for
example, Fig. 6!. In particular, knowledge ofvmin is neces-
sary to understand the creation of shock waves discusse
Sec. VI. In the same manner as discussed earlier, we find
the average value ofvmin for all balls passing through a
given shock wave isuvminu;10–20 cm/s, 4 –10 cm/s, an
1–5 cm/s, in pipe, intermittent, and dense flow, respectiv
~see, for example, Figs. 5, 6, and 7!.

We also checked the dependence ofvmin on b and x.
@Due to the presence of shock waves that are created w
the view length and a low number of shock waves,vmin(x) is
obtained as the median of the distribution ofvmin , not the
03130
i-

a-

y

e

se

sed

k
n

w

n-

f

e

d

m

in
at

ly

in

mean.# This is shown in Fig. 8~a! for 0.4°,b,3.0° andD
57, 10, and 14 mm.~There were too few shock waves fo
smaller b to obtain meaningful statistics.! In HD it was
found that the local shock speedU(x) depended linearly on
the local funnel widthw(x). If we plot vmin againstw(x)/D,
we obtain the plot shown in Fig. 8~b!. The apparent collapse
of the data indicates that there may indeed be some sim
scaling properties inherent in the system. It will be shown
a future work how the behavior ofais andvmin can be used
to model shock wave statistics@10#.

FIG. 7. Average velocity profiles of shocks in Lagrangian co
dinates. Specifically, we plot the average of2vx(t2ts) of indi-
vidual balls, wherets is a pronounced local maximum in ball ac
celeration. ~a! b50.15°. Average of one shock.~b! b52.0°.
Average of;10 shocks.~c! single shock profile forb50.2° and
different inclination anglesu. The dashed lines in~a! and ~b! indi-
cate the standard deviation of the measurement.
1-5
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IV. FLOW IN EULERIAN COORDINATES

A. Granular fields

From the full set of ball trajectories in the flow, we ca
construct continuous one-dimensional Eulerian fields, s
as the densityr(x,t) and velocityv(x,t). ~The justification
for considering a one-dimensional flow is given in Append
C.! Of course, to obtain meaningful results, it is necessar
coarse grain. In order to obtain a spatial resolution be
than one ball diameter, this was done by drawing a primit
unit cell ~for close-packed circles! around the ball center po
sitions @xc(t),yc(t)#, with two sides parallel tox ~i.e., the
center line of the funnel!. The funnel was then binned int
strips of width;0.1 mm and the occupied area was calc
lated for each strip. These strips can then be summe

FIG. 8. ~a! The median of the distribution ofvmin versusx. ~b!
The same data replotted against the rescaled variablew(x)/D.
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achieve any desired resolution, although typically we use
resolution of;1 mm. We then divided by the area of th
strip to obtain the relative densityr̃(x,t). Thus, for close-
packed balls,r̃(x,t)51. ~The relative density here differ
from that in HD, which was measured using relative lig
intensities.! The velocity fieldv(x,t) is then computed as th
weighted average

v~x,t !5(
j

r̃ jvx
j ~ t !/( r̃ j , ~2!

where the sum is over all balls whose unit cells contribute
a strip andr̃ j is the corresponding relative density. The a
celeration fielda(x,t) is obtained in a similar manner.

The granular temperature per ball is defined asT(x,t)
5^(vy2 v̄y)

2&1^(vx2 v̄x)
2& where v̄x5v(x,t) and v̄y50,

and where the brackets indicate an average as in Eq.~2!. It
can be written as the two componentsT(x,t)5Tx(x,t)
1Ty(x,t), where Tx(x,t)5^@vx2v(x,t)#2& and Ty(x,t)
5^vy

2&, in order to see if the granular temperature is isot
pic.

B. Discussion of the fields

An example of the relative density is shown in Fig. 9~a!
for dense flow (b50.8°). It reveals five faint shocks. How
ever, in dense flows, density fluctuations on the scale o
ball diameter tend to be comparable with or even domin
the fluctuations associated with the passing of shock wa
~For example, the whiter tracks moving downstream are
fects, which are often vacancies. In dense flows they
survive the passing of shock waves since shocks do not
riously rearrange the local packing.!

The corresponding velocity and acceleration fields
shown in Figs. 9~b! and 9~c!, respectively. In the velocity
field, the same shock waves are much more clearly vis
since the greatest contrast occurs when fast balls ent
shock wave and lose most of their speed.@Note that again,
sincev(x,t) is always negative, we plot2v(x,t) here and in
all subsequent plots.#

By adjusting the resolution in the positive accelerati
field a(x,t) shown in Fig. 9~c!, we can improve the contras
in v(x,t) in order to reveal weaker details of the flow. F
example, one can now see the creation of~temporarily! sta-
tionary shocks at locations corresponding approximately
FIG. 9. The different fields for
b50.8°. ~a! Relative density

r̃(x,t), ~b! velocity v(x,t), ~c!
positive accelerationa(x,t), and
~d! granular temperatureT(x,t).
1-6
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FIG. 10. Time series of2v(x,t) and r̃(x,t) at fixedx showing propagating shocks for two differentb. ~a! Velocity for b50.2° atx
544 cm~betweenx4 andx5) andx5x5564 cm.A1 andA2 indicate newly created shocks, andA3 andA4 show, respectively, the effec
of these shocks 20 cm downstream.~b! Density corresponding to~a! at x544 cm. ~c! Density corresponding to~a! at x564 cm. ~d!
Velocity for b52.0° at x54.5 cm ~between packing sites! and x526.5 cm ~at a packing site!. ~e! Density corresponding to~d! at x
54.5 cm.~f! Density corresponding to~d! at x526.5 cm.
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the packing sitesx8545 cm andx9555 cm @see Eq.~1!#.
The granular temperatureT(x,t) shown in Fig. 9~d!

clearly peaks in the shock regions as it did fora(x,t), al-
though it is not as evenly distributed along the shocks. T
temperature appears to cool down over relatively short t
and length scales. There is a background level
;2 cm2/s2 with a weak packing site periodicity o
;10 cm. The granular temperature will be discussed m
thoroughly in Sec. VII.

C. Flow dynamics for fixed x

The gray scale plots of the granular fields in Fig. 9 do n
convey the magnitudes of the fields very well. Therefore
showv(x,t) andr̃(x,t) for four fixedx in Fig. 10 and study
how these quantities are affected by propagating sh
waves.

In Fig. 10~a!, the velocityv(x,t) is shown atx544 cm
~midway betweenx4524 cm andx5564 cm), and atx
5x5564 cm for an intermittent flow (b50.2°). ~These po-
sitions were chosen for reasons that will become clear la!
One can clearly see propagating shock waves and smoo
increasing flow speeds between the shocks in the range 3
cm/s. From the displacements of the shock fronts, we e
mate thatU;120 cm/s. At x564 cm, one can see tw
shocks labeledA1 andA2. From fields such as those in Fi
9, we know that these are newly created shocks. Ax
544 cm, disturbances are observed atA3 and A4 as the
velocity increases between shocks. These are caused by
that have passed the newly created shocks atA1 andA2. The
corresponding relative densities are shown in Figs. 10~b! and
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10~c!. They reveal that the shock fronts are relatively sha
but otherwise details of the flow are generally not as clea
in v(x,t).

In Fig. 10~d!, we showv(x,t) at x54.5 cm ~between
x452.4 cm andx556.5 cm), andx5x10526.5 cm for a
dense flow (b52.0°). Many shocks with speedsU
;350 cm/s are now visible. Atx54.5 cm they are all
newly created. These shocks can still be observed ax
526.5 cm along with many other shocks created upstre
of them. The corresponding relative densities are shown
Figs. 10~e! and 10~f!, respectively. These are of limited valu
whenb.1.5° Near the outlet@Fig. 10~e!# there are still fluc-
tuations related to shock waves, but upstream@Fig. 10~f!# the
density is constant and nearly unity despite the presenc
many shock waves.

D. Shock behavior for bÌ1.0°

As b is increased, the shock waves are faster, weaker,
more frequent as discussed in HD. Forb.1.5°, one can no
longer study shock waves from directly measured den
fluctuations as in HD and in this situation the ball tracki
method is particularly useful.

In Figs. 11~a!–11~c! we showa(x,t) near the outlet for
three relatively large values ofb. One can see that asb
increases, the frequency and speed of the shocks incr
while their strength decreases. In particular, in Fig. 11~c! it
also appears that the shock waves die off noticeably w
increasingx.

Once again it it useful to look at the magnitudes ofv(x,t)
and r̃(x,t), but now for fixedt. In Fig. 12 we showv(x,t)
1-7
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FIG. 11. Acceleration field
a(x,t) showing weak shock
waves for large values ofb: ~a!
b51.0°, ~b! b52.0°, and~c! b
53.0°. The gray scale for the
magnitude is shown at the top o
each plot.
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andr̃(x,t) for four equally spaced consecutive times. In F
12~a! one can see a shock propagating upstream with a s
U;250 cm/s. As already noted, it dies off as it moves u
stream, but now one can clearly see that the shock re
also gets broader. Figure 12~b! indicates why the density
r̃(x,t) cannot be used to detect shock waves for largeb.
Except for the lowest 10 cm of the funnel, the density flu
tuations are entirely dominated by the packing sites~which
in this case have a periodicity of 3.2 cm!.

As already discussed in Sec. III C, it was observed in H
that for 0.1°,b,1.0° the local average shock speed seem
to depend linearly on the local funnel width. We can no
test this hypothesis for largerb. Unfortunately, with our cur-
rent data constraints, we have only 10–20 shocks so the
tistics are not as good as could be desired. Figure 13 sh
U(x) based on a simple ridge detection method applied
a(x,t). Figure 13~a! showsU(x) for different values ofb
andD while Fig. 13~b! shows the same data versusw(x)/D.
The data collapse in Fig. 13~b! is not complete, although it is
consistent with the same analysis in HD.

V. SHOCK CREATION

Having established some understanding of how sh
waves propagate, we would now like to examine under w
circumstances they are created. Since forb.0.1° shock
waves~once created! propagate all the way to the reservo
the mechanisms of shock creation will strongly effect t
flow properties. In HD it was found that for intermitten
flows new shock waves were almost exclusively created
the packing sitesx i . Figure 4 illustrates how a moderate
dense flow is forced to reorganize at the packing sites, t
possibly increasing the likelihood of congestion there.

In Sec. III C it was discussed howvmin varies in the dif-
ferent flow types. Basicallyvmin is a measure of how effec
tively the shock has absorbed momentum and energy f
the flow upstream of the shock. Generally, we have fou
that vmin for newly created shocks is often significant
higher than the typical values ofvmin(x) shown in Fig. 10~a!,
where the shocks atA1 and A2 are known to be newly
created. This means that the new shocks do not dissi
energy as efficiently as the older shocks around them. Th
examples of newly created shocks are shown in Figs. 14~a!,
14~c!, and 14~e!, and the averages ofvmin and vmax of the
balls encountering these shocks are shown in Figs. 14~b!,
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14~d!, and 14~f!, respectively. One can observe howvmin
starts relatively high, but then over a distance of 5–15 cm
drops to the typical values found in Sec. III C.

For each flow type we can make more specific obser
tions about how shocks are typically created. In pipe fl
new shocks typically start as a group of balls moving dow
stream, which have a somewhat smaller velocity and hig
density than those around them. This early stage of a sh
at some point becomes stronger, stops, and then starts
ing upstream as a stable shock~shocks moving downstream
are generally not very stable!. An example of this process i
shown in Fig. 15 where a disturbance passes the observa
point atB1, turns around downstream, and then starts pro
gating upstream, passing the observation point again atB2.
Mass conservation across the shock discontinuity requ
that

U5~ruvu2rdvd!/~ru2rd!, ~3!

FIG. 12. The spatial dependence of~a! the velocity2v(x,t) and

~b! the corresponding relative densitiesr̃(x,t) for fixed t. In these
data, one is observing a decaying propagating shock.
1-8
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GRAIN DYNAMICS IN A TWO-DIMENSIONAL GRANULAR FLOW PHYSICAL REVIEW E 63 031301
where the subscriptsu and d signify upstream and down
stream of the shock, respectively. In this example,ru
;0.3w, rd;0.6w→0.8w, andvu;295 cm/s. Note that as
vd increases from270 cm/s to220 cm/s, andrd increases
slightly, U changes sign.

In intermittent flow the shock may start in the mann
described above for pipe flow, but more commonly it is c
ated at a packing site without the early downstream ph
discussed above. An example of such a shock is show
Fig. 14~a!. In Fig. 14~b! we see how the growing differenc
betweenvmin and vmax shows how shocks improve the
ability to absorb momentum and energy during the first
cm of propagation. Other examples of shock creation in
termittent flows have already been shown in Figs. 3~a! and
10~a!.

In dense flow shocks are often created by the joining o
few relatively stationary weak ‘‘preshocks’’~that will be dis-
cussed in the next section! or a region with seemingly ‘‘un-
structured’’ disturbances in the flow at a packing site~see,
e.g., Figs. 9 and 11!. The nature of these shock creatio
processes is not known. Figure 14~c! shows the creation of a
shock wave 38 cm upstream of the outlet. Theuvminu shown
in Fig. 14~d! initially has a value somewhat higher than wh
is typical for that funnel position@see Fig. 8~a!#. In Fig. 14~e!
the creation of a shock near the outlet is shown for largeb.
Figure 14~f! shows how itsuvminu also quickly drops after the
creation. Near the outlet~and one packing site up! all shocks

FIG. 13. ~a! Estimated shock speedU(x) for 1.0°<b<3.0° and
D57, 10, and 14 mm.~b! The same data replotted against t
rescaled variablew(x)/D.
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have just been created. Therefore, thevmin curve in Fig.
14~f! partially corresponds to the first part of the curves
Fig. 8. This also explains why the values ofvmin in Fig.
10~d! at x54.5 cm are relatively high.

VI. SHOCK INTERACTIONS

Shock wave interactions have been discussed in H
Since these were studied using directly measured den
fluctuations, they were hard to resolve and the nature of

FIG. 14. Examples of starting shocks and their respec
vmin(x) and vmax(x) for different funnel angles:~a!,~b! b50.2°;
~c!,~d! b50.6°; and~e!,~f! b51.5°.
1-9
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S. HO”RLÜCK AND P. DIMON PHYSICAL REVIEW E63 031301
interactions was somewhat speculative. The superior sp
and temporal resolution of the ball tracking method n
gives us a clearer picture of the interactions and even rev
new interactions not observed earlier.

An example of a weakshock start repulsionis shown in
Fig. 16~a!. First, a new shock is created at point (P0). When
the balls leaving this shock reach the next shock, they ca
it to temporarily slow down (P1), in effect repelling it.@A
similar patch of slower balls was observed in Fig. 10~a! at
A3 andA4 following the creation of new shocks atA1 and
A2.#

In Fig. 16~b! examples ofpreshocks(P2 andP3) sepa-
rated from the main shock by less than 0.1 s are shown
P3 the preshock seems to gain amplitude and swallows
original main shock. Figure 16~c! shows weak stationary
shocks (P4 and P5) waiting to be swallowed by arriving
shocks at or just upstream of packing sites. Examples
shown of anear shock repulsionat P6 and of a weak pre-

FIG. 15. Time series of~a! 2v(x,t) and ~b! r̃(x,t) at x
530 cm showing the creation of a shock in pipe flow (b
50.075°). A slow, dense group of balls passes downstream (B1)
and forms a shock atx526 cm~not shown! which starts propagat
ing upstream (B2).
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shock atP7. Somemicroshocksalso seem to propagate up
wards with speeds similar to the surrounding shocks atP8. It
is not clear what these represent, but since the balls
densely packed atb50.8°, they may be ‘‘chain collisions’’
propagating in single rows of balls. The data set in Fig. 16~c!
partially overlap the data presented in Fig. 9. In Fig. 16~d! a
near shock repulsionis seen atP9 and several weakwaiting
shocksare observed. These waiting shocks seem relate
the shock creation process in dense flows discussed in
V. There is no indication that shock interactions disappea
largerb ~compare with Fig. 11!.

VII. SHOCK TEMPERATURE

When a ball encounters a shock, it quickly loses most
its velocity~and therefore most of its momentum and energ!
in collisions with other balls and the funnel walls. In th
dense region of the shock where the mean distance betw
balls is small, this results in relatively high collision rate
when they encounter a fast incoming ball. The high dens
also forces balls to come into contact with the funnel wa
so that thetotal momentum/energy of a dense group of ba
is also reduced by friction. This phenomenon is reminisc
of the clustering@11# and inelastic collapse@12# observed in
simulations of granular materials.

This process can also be described as follows. Upstre
of the shock there is a steady flow of relatively high-ener
balls. When a group of balls encounters the shock, collisi
‘‘randomize’’ their translational energy, increasing th
granular temperature. However, it is then reduced by e
collision and by the friction processes mentioned abo
Some distance downstream of the shock the relative mo
of neighboring balls appears to be negligible. Thus, since
cannot measure collision rates in a shock, the rate at wh
the granular temperature decays in a group of balls follow
the passage of a shock front seems the best way of stud
the energy loss processes in the shock. Consequently
definetT as the characteristic decay time ofT(x,t) following
n

FIG. 16. Positive acceleration fielda(x,t) showing examples of shock interactions.~a! Shock start repulsion (P0 andP1) (b50.2°).~b!

Two temporary preshocks (P2 andP3) (b50.4°). ~c! Stationary shocks joining at packing sites (P4 andP5), and a near shock repulsio
(P6), preshock (P7), and microshock (P8)(b50.8°). ~d! Near shock repulsion (P9)(b51.5°).
1-10
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GRAIN DYNAMICS IN A TWO-DIMENSIONAL GRANULAR FLOW PHYSICAL REVIEW E 63 031301
the passage of a shock front in Lagrangian coordinates.
First, we must consider the usefulness ofT(x,t) in the

shock region. It may be argued that sincev(x,t) is changing
rapidly in the shock region, a calculation ofTx(x,t) @and
thusT(x,t)# is of limited value here. The coarse-grain res
lution on whichTx(x,t) is based is&1 ball diameter, while
the shock region is typically*3 ball diameters. Thus the
resolution ofTx(x,t) should suffice. In Fig. 17 we compar
Tx(x,t) and Ty(x,t) and find that in general they have th
same magnitude, except for some small packing site rel
oscillations. ~There is obviously less room for transver
movement of individual balls near packing sites.! Conse-
quently, we will only considerT(x,t) rather than the indi-
vidual components.

TransformingT(x,t) to Lagrangian coordinates to stud
the magnitude oftT would be difficult. Instead the following
observation can be made. The characteristic decaylengthlT
of T(x,t) downstream of the shock can be estimated fr
graphs ofT(x,t) for fixed t. Following the passage of
shock front by a group of balls, the shock will move u
stream with a speedU while the balls move downstream
with a speed;uvminu. Consequently, we find thattT
'lT /(U1uvminu).

The spatial dependence ofT(x,t) around a propagating
shock is shown in Fig. 18 for a series of fixed times. In F
18~a! a shock wave is created atx5541 cm and propagate
from x540 cm tox570 cm in 0.35 s. The propagation pa
x6567 cm is shown with higher temporal resolution in Fi
18~b!. Due to the dense packing at and just below a pack
site @62 cm<x<67 cm in Fig. 18~b!#, there is little room
for relative motion between the balls. When a shock pas
this region,T(x,t) remains small but has peaks both u
stream and downstream. The tendency ofT(x,t) to remain
small in areas just below packing sites is generally obser
@see Figs. 9~d! and 17#. For large funnel angles (b.1°), the
region of increased temperature associated with a shock
extend over the intervals between three or more pack

FIG. 17. Comparison of~a! Tx(x,t) and ~b! Ty(x,t) showing
creation and propagation of shocks forb50.6°.
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sites. From Figs. 18~a! and 18~b! we estimate thatlT
;2 –5 cm, hencetT&0.04 s.

From plots ofT(x,t) it is easy to estimate the decay ra
of T(x,t) in Eulerian coordinatestT* 'lT /U. When U
@uvminu, we find thattT* 'tT . Figures 9~d! and 17 yield the
estimatetT* &0.05 s. Generally, it seems thattT* is always
significantly shorter than the characteristic time separa
between neighboring shocks and thus fluctuations in the fl
velocity created by one shock generally do not reach the n
shock.

A more extended region of increasedT(x,t) is often ob-
served where new shocks are created@see Figs. 9~d! and 17#.
This may be due to the less efficient packing of balls in th
shocks~which may be related to the inefficient energy dis
pation and large values ofuvminu discussed in Sec. V!.

In the above discussion of magnitudes and decay rate
T(x,t) it should be recalled thatT(x,t) is based on measure
ments ofvx andvy with time resolutions;0.02 s~see Sec.
II C!. Granular temperature associated with very high co
sion rates therefore cannot be resolved. Due to these
collision rates, the unmeasured part of the granular temp
ture must decay even faster than the measured part, and
sequently better time resolution would merely increase
magnitude ofT(x,t) in the central shock region and no
change the observed decay rates.

VIII. AVERAGE PROPERTIES

Moving beyond the flow behavior associated with ind
vidual shocks, we will now study the spatial dependence
the time-averaged values ofr̃(x,t) and v(x,t), which we

denote asr̄̃(x) and v̄(x), respectively. It is important to re
member that the measurements only cover a time span
responding to 3–15 passing shock waves. It was establis
earlier that individual shock waves strongly influencer̃(x,t)
and v(x,t). Thus, measurements with only a few shoc
~usually intermittent flows! may exhibit large fluctuations
from the ‘‘true’’ mean values. By combining the averages
these two or three measurements from contiguous section
the funnel, we obtain the statistics in the lowest 110 cm

FIG. 18. Spatial dependence ofT(x,t) at the position of a
propagating shock at subsequent times. In~a! the shock is created a
x540 cm (x5541 cm) just beforet0. From t010.1 s to t0

10.35 s the shock propagates fromx544 cm tox570 cm with
increasing speed. In~b! the passage of the shock at the next pack
site (x6567 cm) is shown with better time resolution.
1-11
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S. HO”RLÜCK AND P. DIMON PHYSICAL REVIEW E63 031301
the funnel in the measurements presented below.

In Fig. 19 we showr̄̃(x) for various intermittent and
dense flows. In the intermittent flows in Figs. 19~a! and

19~b!, we see thatr̄̃(x) has a slow growing trend throughou
the observed region, with weak packing site related osc

tions. For the dense flows in Figs. 19~c!–19~e!, r̄̃(x) is
nearly unity except near the outlet, and packing site effe

are more pronounced. The general decrease ofr̄̃(x) near the
outlet is most likely caused by the passing of fewer sho
waves there.

In Fig. 20 the average velocities are shown for differe
values ofb. For b,0.4° the statistics are not quite goo
enough to ensure that the curves fit together. In all curve
general decreasing trend is observed, on top of which th
are weak packing site related effects. Average ball speed
lowest at the packing sites. Since the average flow rat

constant throughout the funnel, thenuv̄(x)u;1/w(x) r̄̃(x).

@For largeb, r̄̃(x) is essentially constant and thusuv̄(x)u
;1/w(x).#

IX. COMPARISON WITH TRAFFIC FLOW

Three flow types have been identified in traffic flow
namely, uncongested flow~steady flow of vehicles with
speeds;100 km/h and low to moderate densities!, queue
flow ~slow flow from 0–20 km/h and near maximum de

FIG. 19. Spatial dependence of the time-averaged relative

sity r̄̃(x) showing the packing site periodicity and decay near
outlet for different funnel angles:~a! b50.15°, ~b! b50.3°, ~c!
b50.6°,~d! b51.0°, and~e! b52.0°.~All curves are composed o
two or three data sets, hence, there are some gaps in the data!
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sity!, and queue discharge~accelerating vehicles leaving
queue flow situation! @13#. Traffic data are usually presente
asv(q) ~the speed/flow relation! or asq(r) ~the fundamental
diagram!, wherev, q, andr are the velocity, flow rate, and
density, respectively. As shown schematically in Fig. 2
both v(q), Fig. 21~a! and q(r) Fig. 21~b! have regions as-
sociated with the three flow types mentioned above. The f

n-

e

FIG. 20. Spatial dependence of the time-averaged ball veloc

2 v̄(x) showing weak packing site periodicity and a decreas
overall dependence onx. ~All curves are composed of two to thre
data sets, hence, there are gaps in the data.!

FIG. 21. Schematic drawings of the~a! flow/speed diagram
v(q) and the~b! fundamental diagramq(r).
1-12
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FIG. 22. The (q,v) and (r,q) distributions for four different funnel angles:~a!,~b! b50.075°;~c!,~d! b50.20°; ~e!,~f! b50.50°; and

~g!,~h! b51.50°. The solid lines are the averages, indicating the flow/speed diagramv(q) or the fundamental diagramq( r̃) as appropriate.
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damental diagram often resembles an inverted parabola@13–
15#, which may contain a discontinuity near its maximum
shown in Fig. 21~b!.

In Fig. 22 we show gray scale histograms of (q,v) and
( r̃,q) for four different values ofb. The average values
corresponding tov(q) and q( r̃), are shown as solid lines
~Note that we use the relative densityr̃ instead ofr.! As
noted in Sec. III C, at any given time, the balls in our syst
are either nearly motionless in a shock wave~corresponding
to queue flow! or slowly speeding up~corresponding to
queue discharge!. No regimes corresponding to steady hig
speed flow ~i.e., uncongested flow! were found for b
.0.05°.

For pipe flow (b50.075°) Fig. 22~a! shows a small
queue region and then a large region similar to queue
charge behavior. In the fundamental diagram in Fig. 22~b!

low densities dominate. Theq( r̃) curve in Fig. 22~b! ~solid
line! has a parabolic shape that peaks atr̃;0.5. The data se
from which the distributions were derived contained on
one shock wave, hence, certain regions contain no data s
some flow states~e.g., v;80 cm/s) simply did not occu
during the measurement.

For intermittent flow (b50.2°) Fig. 22~c! displays a
longer queue flow region than Fig. 22~a!. It then changes
smoothly into a relatively broader queue discharge reg
The (r̃,q) distribution in Fig. 22~d! is dominated by moder
ately large densities (r̃.0.5) andq( r̃) peaks at a slightly
higher value (r̃;0.7) than pipe flow.

For the denser flows shown in Figs. 22~e! and 22~g!, it
03130
s

-

s-

ce

n.

becomes increasingly difficult to distinguish between que
flow and queue discharge. The queue discharge regions
found at lower values ofv and q, which is consistent with
the general trend of falling average velocities~see Sec. VIII!
and average flow rates (q;b20.4 for b.0.5° @4#!. The cor-
responding fundamental diagrams in Figs. 22~f! and 22~h!
again have parabolic shapes that peak at increasingly hi

densities (r̃.0.8). The shapes of the distributions close

r̃51 are not very well defined. We know from Secs. IV
and VIII that virtually all density variations are related
packing site effects at largeb. Consequently, it should not b

expected that the distribution forr̃.0.9 can be resolved. Fo

r̃,0.9, the behavior in Fig. 22~h! is most likely caused by
the manner in which the dense flow leaves the outlet.

In real traffic, shock waves are generally slower than
hicle speeds~see Ref.@15#! and the densities are low (r̃
,0.3) during uncongested flow. These properties are sim
to the flow conditions in true pipe flow (b50°), whereas
our few measurements~of duration;8 s) do not have the
time and space resolution necessary to catch the full rang
the shock dynamics. Thus we cannot display ball flow b
havior corresponding to uncongested flow.

Flows for b.0.2° are strongly affected by packing site
and thus by the changing number oflanesas illustrated in
Fig. 4. Several consecutive reductions in the number of la
in traffic are seldom found, but a comparison would be
teresting. A more general comparison between the manne
which granular shock waves and traffic jams propagate
space and time would also be interesting, but unfortuna
1-13
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S. HO”RLÜCK AND P. DIMON PHYSICAL REVIEW E63 031301
there are practically no availablev(x,t) measurements in
traffic with the appropriate temporal and spatial resolutio

X. SUMMARY

We have presented the results of particle tracking m
surements on a two-dimensional flow of monodisperse ba
The circumstances of the creation and propagation of sh
waves have been studied. In particular, we have obse
how individual balls behave both in the shock region a
between shocks, and established that the interaction of b
between shocks can be disregarded by a simple rescalin
gravity. The simultaneous tracking of thousands of balls
been used to study the time and space variations of quan
such as flow velocity, acceleration, and granular temperat
This has been used to study the shock wave behavior in
dense flows, the processes surrounding the creation of
shocks, and the role played by granular temperature.
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APPENDIX A: BALL POSITION DETERMINATION

Each stored video frame is recalled from the hard disk
an array of unsigned 8-bit integers. This array is equival
to a gray scale image where black corresponds to 0 and w
to 255. Each frame is subtracted from the image of the em
funnel. Thus, the balls stand out as a white patch on a b
background. We will call these patchesball images. Based
on the local distributions of gray scale values, a threshol
determined. Everything above the threshold is defined as
of a ball. Areas of adjoining pixels with values over th
threshold belong to the same ball. An estimate of the b
center position (xc ,yc)est ~based on a weighted average
the pixel values! and height~intensity in gray scale! is made.
The height and estimated positions (xc ,yc)est will be used as
starting values in a fit of a ball’s image to a rotationa
symmetric ‘‘bell-shaped’’ function representing it.

Next, we need to determine which pixels belong to t
ball image and should be used in the fit. An area of pix
surrounding the estimated ball center (xc ,yc)est is selected.
Let d be the distance from (xc ,yc)est for each pixel and letr
be the ball radius. Pixels withd<0.9r are all selected. Pixels
with 0.9r ,d,1.45r are selected if the next pixels awa
from (xc ,yc)est are not higher than the value of the pixel
question~if they are, it indicates that the value of the pixel
influenced by a wall or another ball!. All other pixels are
disregarded. In this way, most of the pixels belonging to
ball image and some of the surrounding black ones will
selected, while pixels belonging to other balls will be le
out.

Typically, between 20 and 35 pixels are selected for
position fit of each ball. These pixel values are fitted to
rotationally symmetric bell-shaped function with four fittin
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parameters: peak height, (x,y) components of the center po
sition, and the ball radius.~The convergence of the fits i
more stable when the radius is allowed to vary.! When a
radial distribution of pixel values is found, the resultin

curve matches the functione2udu3 remarkably well, whered
is the pixel distance from (xc ,yc). In most fits, a bell-shaped

function with a radial dependence;e2udu3 also gives the
best results. In a small number of fits (,1%), however, a
stable fit is not achieved with this function. In these case

second fit is made with an ordinary Gaussian functione2udu2.
The Gaussian fits give slightly inferior results on average
are much more stable in the ‘‘difficult’’ cases. All fits wer
made using theamoeba method@16#. At this point a table of
ball center positions has been determined for each fram
the sequence.

The error of the ball center positions (&0.15 mm) was
determined in two ways. In the first, a number (;20) of
balls were glued to a rigid, transparent piece of plastic. T
piece was translated and rotated in the funnel and a num
of frames were shot. In each frame the relative positions
the balls should be constant and the noise level could su
quently be determined. In the second, individual balls w
allowed to roll freely in the funnel~without touching the
funnel walls or other balls!. From the smoothness of enlarg
ments of the resulting trajectories, the noise level of the
sition detection could be estimated.

APPENDIX B: INTERFERENCE WITH PIXEL ARRAY
OF CAMERA

In original versions of ball center position histograms
the type shown in Fig. 4, there were clear signs of horizon
stripe patterns where the distance between the stripes c
sponded to the distance between neighboring lines of pi
in the camera. This indicated that there was some inter
ence between the pixel periodicity of the camera and
determined ball center positions since there is no reason
some positions relative to the pixel array should occur s
nificantly more often than others. Subsequent histogram
the fractions of the ball center positions in pixel coordina
were made. An example of such a histogram is shown in F
23~a!. These histograms confirmed the existence of inter
ence along both thex axis and they axis. For simplicity, we
assume that this interference was the same in all areas o
camera and that this systematic remapping is ‘‘smoot
With these assumptions it is relatively easy to map the p
tions back to their ‘‘true’’ values and thus eliminate the e
fect of this interference. The resulting repositionings of t
ball centers are less than half the statistical uncertainty of
positions and thus it is of limited importance. In Fig. 23~b! a
comparison is made between the same ball trajectory be
and after the remapping. As can be seen, the effect is r
tively small. The remapping has nevertheless been done
all data sets to avoid any ‘‘cumulative’’ effects of this sy
tematic error. In Figs. 4~a! and 4~b! there is still a faint set of
horizontal lines~with a vertical periodicity of;0.6 mm)
but this has been significantly reduced by the remapping
1-14



d
ne
e

at
al

hi

in
v
e

ile

ly
he
-
he
ch
ns-

-
th
tis-
of

-
y in
its

are

to
g a

-

r
is

sus

GRAIN DYNAMICS IN A TWO-DIMENSIONAL GRANULAR FLOW PHYSICAL REVIEW E 63 031301
APPENDIX C: ASSUMPTION OF TRANSVERSE
UNIFORMITY

Throughout this paper the flow of balls has been treate
essentially one dimensional. Since the width of the fun
(&10 ball diameters! is relatively small compared with th
other important length scales in the system~e.g., funnel
length and shock separation!, it is reasonable to assume th
the flow is uniform across the funnel. Between shocks, b
essentially move independently of each other~see Sec. III C!
and uniformity may be harder to maintain. In any case, t
assumption should be checked. It is unfortunately hard
devise any meaningful statistics that could confirm the
stantaneous transverse equilibrium of a moving shock wa
By averaging overx andt on the other hand, we can achiev
meaningful statistics and subsequently check they/w(x) de-
pendence of various flow properties.@When averaging overx
is done we must renormalizey with w(x) to make the aver-
aging meaningful.#

In Fig. 24 they/w dependence ofv is shown averaged
over bothx ~in 10-cm intervals! andt for various flows. Both
pipe flow and dense flow show flat velocity profiles wh
intermittent flow (b50.15° andb50.3°) exhibits a drop

FIG. 23. ~a! Distribution of the fractional part of ball coordi
nates measured in pixel coordinates (b50.5°, D510 mm, u
54.1°). ~b! Comparison ofvy for the same ball before and afte
remapping of ball coordinates. The ‘‘after remapping’’ curve
displaced22 cm/s. (b50.15°, D510 mm, u54.1°.) ~The ball
encounters a shock att50.1 s.!
.

03130
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near the funnel walls. This isnot evidence of a shear flow
situation. It simply means that between shocks~where high
ball speeds occur! the regions are partially ‘‘statistically
empty,’’ namely, when balls leave a shock, they uniform
occupy the full width of the funnel. The balls closest to t
funnel walls will often collide with the wall and move to
wards the center of the funnel. In the middle part of t
funnel they will collide with several other balls and in ea
collision the transverse energy will be reduced and the tra
verse momentum will be averaged out~since balls are com-
ing from both walls!. As a result the density will be some
what higher in the middle of the funnel compared wi
regions close to the funnel walls. Thus, in the overall sta
tics, the fastest balls mostly contribute in the central part
the funnel. In pipe flow (b50°) this effect is not seen be
cause the density is too low to eliminate transverse energ
the center of the funnel, since each ball basically follows
own ‘‘zigzag’’ trajectory.~Note that the data forb50° has
been shifted downwards for clarity. The actual velocities
;120 cm/s.! In dense flows (b50.6° andb52.0°) the ef-
fect is not observed since the density is constantly high@see
Figs. 19~c! and 19~e!# and there is no space for balls close
the funnel walls to move away as they accelerate followin
shock.

FIG. 24. The space and time-averaged velocity profile ver
y/w(x) for different funnel angles (D510 mm, u54.1°).
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